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In this paper we analyze the performance of a preemptive priority queue. 
We give the model description in the context of a packet communication 
system where message sources, having different priorities, share a common 
communication channel. Each source generates, as an independent Poisson 
process, messages consisting of an arbitrarily distributed, random number of 
fixed-length packets. The channel server can only begin service at integer 
multiples of the packet transmission time (i.e., a time-slotted channel is 
assumed), and the server will preempt an ongoing message transmission at 
the next packet boundary whenever there is a message arrival from a higher- 
priority source. The average in-queue waiting time for each packet in any 
given source message and the average message delay are derived along with 
the corresponding moment-generating functions. Also, comparisons are made 
with the first-come first-served queueing discipline. 

I. INTRODUCTION 

We analyze the performance of a preemptive priority queueing 
system. To make clear at the outset the importance of the particular 
queueing system studied, we describe the system model in a packet 
communication context. Specifically, as Fig. 1 illustrates, a number of 
data sources share a single communication channel. Each source 
generates, according to a Poisson process, messages consisting of a 
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Fig. 1— Queueing model for a packet communication system. 

random number of fixed-length data packets. The packets comprising 
a message arrive in bulk to be transmitted on the communication 
channel. For clarity, we view each source as having its own separate 
buffer to queue packets. Here, packets generated by the source wait 
for access to the channel. 

Packet transmissions on the channel are synchronized. More pre- 
cisely, time is divided into a sequence of fixed-length intervals or time 
slots. Each time slot is just large enough to allow the transmission of 
one packet, and packet transmissions must occur within time-slot 
boundaries. Hence, a packet arriving at the queue, at the very least, 
must wait until the start of the next time slot before its transmission 
can begin. 

Packets from any given source are served (i.e., transmitted) on a 
first-come first-serve basis. The sources, however, are assigned fixed 
priorities: the first source has the highest priority, the last has the 
lowest. At the start of each time slot, the first packet queued from the 
highest-priority source is served. That is, a packet at the head of the 
source k buffer is transmitted if and only if the buffers associated with 
sources 1 to k - 1 are empty. Hence, an ongoing packet transmission 
cannot be preempted; however, an ongoing message transmission will 
be preempted (at the next slot boundary) whenever there is a message 
arrival from a higher-priority source. 

Such a priority queueing discipline arises naturally in many packet 
communication systems. The channel might be a link in a data 
communication network, or may simply be a shared data bus. The use 
of priority may be required to give more urgent messages lower delay. 
For example, one might choose to give network control messages 
higher priority than interactive data messages, which in turn are given 
higher priority than long file transfers. In some situations, the priority 
structure is inherent in the mechanism for sharing the channel among 
the independent messages sources. This is the case with Datakit, 1 
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where the module (i.e., the interface between the source and the 
channel) with the highest address always wins the channel contention. 
It is also true of some slotted ring systems, where the physical order 
of sources along the ring imposes a priority ordering for access to the 
channel. 2 

The first results on queues with preemptive priority appear to be 
due to White and Christie. 3 Shortly thereafter, others studied the 
problem using different assumptions about the service time distribu- 
tion. A comprehensive treatment of some of the early work is given in 
Jaiswal, 4 and a more up-to-date, but less comprehensive, discussion 
may be found in Kleinrock. 5 The models examined, however, all 
assume an "asynchronous" server where service starting times and 
preemption times are not constrained to certain periodically recurring 
points. The use of a synchronous service facility in queueing models 
arises in the context of computer and data communication systems 
where there is a natural elementary unit of time such as the machine 
cycle of a processor, or the bit, byte, or packet transmission time on a 
channel. Many such models are reviewed, and references given, in 
Kobayashi and Konheim. 6 As we indicated, the model we have selected 
for study has applications to slotted ring systems, and it is here that 
one finds analysis of other models similar to ours. The model that 
seems to come closest is by Konheim and Meister, 2 where the main 
differences have to do with the arrival process. Konheim and Meister 
assume discrete arrivals (between slots) of packets, whereas we assume 
continuous arrivals of messages with each message containing an 
arbitrarily distributed number of packets. In this way, we are better 
able to examine message delays in the system. 

In this paper we analyze the performance of the above preemptive 
priority queueing system. We begin in Section II by summarizing the 
queueing model and introducing performance measures that are of 
interest. In Section III we derive the average in-queue waiting time 
for each packet in any given source message. From this result we easily 
obtain the average delay in transporting a message. The corresponding 
moment-generating functions are derived in the appendix. Finally, in 
Section IV, we compare performance with the First-Come First-Served 
(FCFS) queueing discipline. 

II. QUEUEING MODEL 

In this section we briefly summarize the important points of the 
queueing model, and indicate the steady-state statistics that are of 
interest. Notation established here is used in the performance analysis 
that follows. 

The queueing system under study has the following properties: 

1. N sources of messages. 
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2. Priorities are assigned to sources in decreasing order (i.e., source 
k has higher priority than source k + 1, k = 1, 2, • • • , N - 1). 

3. Source k generates messages as an independent Poisson process 
with rate X* messages per time slot. Each such message has its length 
(in packets) selected independently from the distribution P mit ( • ) with 
first and second moments, m k and ml, respectively. 

4. During busy periods, one packet is transmitted in each time slot 
and is always selected at the beginning of the time slot from the head 
of the highest-priority, nonempty source buffer. 

5. Each source buffer is assumed infinite, and packets enter and are 
removed from the buffer on a first-in first-out basis. 

We define W k j as the steady-state in-queue waiting time for the ;'th 
packet in a message from source k, k = 1, 2, • • • , N. In addition, we 
define 

where p k is interpreted as the fraction of time the server is busy with 
source k packets. We also find it convenient to define 

k 

Ok = £ Pi- 

Other notation is introduced as needed in the analysis. 

III. PERFORMANCE ANALYSIS 

We begin this section by deriving W k j, the average in-queue waiting 
time for the ;'th packet in a message from source k. Using this result 
we then obtain the average delay in transporting a message from 
source k. Included in the discussion are specific numerical examples 
to illustrate the derived results. 

3.1 Average waiting time analysis 

In Fig. 2, observe that we may express the waiting time for the ;'th 
packet in a source k message as 

W kj = W kl +l w k/ , (1) 

/=\ 

where the incremental waiting time w k /is defined by 

w k ,= Wky+x - W k/ . 

For a given message length, m k , the random variables \w k i, w k 2,..., 
w k ,m k -i\ are independent and identically distributed. We observe that 
at the beginning of a slot during which a packet from source k is in 
service, there are no packets from sources 1 to k — 1 in the system. 
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Fig. 2 — Waiting times for packet transmissions. 



Any messages that arrive from sources 1 to k — 1 while this source k 
packet is in service spawn a busy period of service, starting in the next 
slot, for sources 1 to k — 1. All such busy periods are independent and 
identically distributed, and hence so are the random variables \w k i, 
%....% r i|. 

Note that the incremental waiting time Wk / consists of one slot time 
to transmit the /th packet in the source k message plus the time to 
serve all messages from sources 1 to k — 1 that arrive in the interval 
Wk/ . Hence, the average incremental waiting time Wk/ satisfies 



w h/ = 1 + a k -\U) k/ , 



from which we obtain 



Wks = 



1 - o k -\ 



It then follows from (1) that the average in -queue waiting time for the 
jth. packet in a source k message is given by 



W kj = Wu + ' 



1 - a k -i 



(2) 



Hence we are left with having to determine W h i, the average waiting 
time for the first packet in the message. 
By applying standard queueing arguments, we have 



W kl = I + £ l PijWij + I Pi W kl , 
& i-i i-i j=i 



.-i j-i 



where 



Pij A X,Pr[m, > /]. 



(3) 



(4) 
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The first term on the right-hand side of (3) is simply the average time 
between the arrival of a message and the start of the next slot. The 
second term is, by Little's result, the average number of packets of 
equal or higher priority awaiting transmission at the moment the 
message arrives. Finally, the last term corresponds to the average 
number of packets of higher priority that arrive while the first packet 
in the source k message waits on queue. 
Now substituting (2) into (3) yields 

Wml - | + 2 2 PiJ (wn + t 1 ^-) + 1 «W«, (5) 

2 f =i y=i \ 1 - o-.-i/ «=l 

Note from the definition of p,, in (4) that 

2 p. = * 2 Prt* s n = ^22 Pr K = / ] 

7=i 7=i y-i s-j 

= A, 2 2 Pr[m, = /] = \i l /Vt[m = /] 

/•=! 7=1 /=\ 

= KTrii = pi. (6) 

Similarly, we have that 

2 U - Vp» - $ (53 - W. (7) 

7=1 Z 

Hence, using (6) and (7), we may rewrite (5) as 

I + 2 p,W,i + 2 Uml ~ m)/2(l - cri-i) 



W w «^_ H- ' '- 1 



(1 " o k ) 
Solving recursively, we obtain 



k 



i + 2 umi - m 
Wkl ■ 2d rSci - *-) ' (8) 



Finally, substituting (8) into (2) yields 



k 



1+2 Mm - mj) 



u^ t=1 _i_ y (9) 

* 2(1 - <r*)(l - a k -i) 1 - on-, * 

This concludes the derivation of the average in-queue waiting time 
W k j. The derivation of the moment-generating function for W kj (from 
which W kj can be obtained directly) is given in the appendix. 
To illustrate the performance, we begin by considering a homoge- 
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neous system where X* = X, rrik = m, and ml = m 2 for k = 1, 2, 
N. For this case, (8) becomes 



W hl = 



k 

1 + - p (m 2 /m - 1) 



where p is the total system utilization (or load) defined by 



N 



(10) 



p = X p. 

= iVXm (for a homogeneous system). 

If we take N ^_10 and assume a constant message length of 10 packets 
(i.e., m = 10, m 2 = 100), Fig. 3 is a plot of W k \ vs. p for k varying from 
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Fig. 3 — Average first packet waiting time W»i vs. total load p. 
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1 to 10. Also shown in Fig. 3 is the average waiting time for the first- 
come first-served (FCFS) queueing discipline, which is derived in 
Section IV. Note from (10) that if we allow N -» oo, then 



Wi 



— 1 + p(m 2 /m - 1) 



Wi 



m 



2(1 - P f 



These two expressions represent, respectively, lower and upper bounds 
on the average first packet waiting time for all sources and arbitrary 
N. These bounds are plotted as dashedjines in Fig. 3. Finally, if we 
assume the same values for N, m, and m 2 as in Fig. 3, Fig. 4 is a plot 
of the average incremental waiting time 19*. vs. p for k varying from 1 
to 10. Also shown in Fig. 4 is the upper bound 1/(1 - p) on ufc,, valid 
for all parameter values. 

3.2 Average message delay analysis 

We now consider the average message delay. Defining D k (m) as the 
average delay (in slots) from the arrival to the queue of an m-packet 
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Fig. 4 — Average incremental waiting time Whi vs. total load p. 
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message from source k until the end of its transmission, we have 

Dk(m) = W km + 1. 

Letting D k denote_ the average delay over all messages from source k, 
it follows, since Wkm is linear in m, that 

D k = I D k (m)P mk (m) 



= W mh + 1. (11) 

If we assume the same homogeneous system as represented in Figs. 3 
and 4, Fig. 5 is a plot of Dk vs. pfor k varying from 1 to 10. Also shown 
in Fig. 5 is an upper bound on D k , obtained from the upper bounds on 
Wki and Wks • Specifically, we have 

— 1 + p[m 2 /m — 1] m — 1 

Dk < ;, L , " + ~ : + 1, 
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Fig. 5 — Average message delay Dk vs. total load p. 
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which depends on m and m 2 , but is valid for all sources and arbitrary 
N. 

To complete this section, we consider a nonhomogeneous system 
consisting of 10 host computers and 300 terminals. The terminals and 
hosts correspond to the message sources and may be viewed as sharing 
a common time-slotted bus. There is a priority ordering of the termi- 
nals and hosts, with terminals having priority over hosts (i.e., the 
terminals correspond to sources 1 to 300 and the hosts correspond to 
sources 301 to 310). Each host is assumed to generate two types of 
traffic: host-to-host file transfers consisting of fixed-length 32-packet 
messages, and host-to-terminal messages with an average message 
length of 2 packets and a standard deviation of 1. Each terminal, on 
the other hand, only generates messages that are one packet in length 
and destined to a host. The message generation rates for each of the 
two types of host traffic are the same for all hosts. Similarly, all 
terminals generate messages at the same rate. The specific generation 
rate of each traffic type is such that the total load on the channel is 
divided as follows: 30 percent host-to-host, 60 percent host-to-termi- 
nal, and 10 percent terminal-to-host. The average delay performance 
for this system is plotted in Fig. 6. Observe that the results obtained 
allow us to distinguish between different types of traffic generated by 
the same source. In particular, in Fig. 6, the average message delay 
performance for the host-to-host and host-to-terminal traffic are 
shown separately. 

From the moment-generating function for D k derived in the appen- 
dix, one can obtain the second moment of the message delay. This, in 
turn, may be used to compute the message delay standard deviation. 
For hosts 1 and 10 (i.e., the two extremes), shown in Fig. 7 for the 
host-to-host messages and in Fig. 8 for the host-to-terminal messages, 
we see the mean delay and mean delay plus one, two, and three 
standard deviations (denoted by la, 2a, and 3a). The second-moment- 
of-message delay depends on the first three moments of message 
length, and in Fig. 8 we set m 3 = 15. 

IV. COMPARISONS WITH FCFS 

In this section we compare the average delay performance of the 
priority queueing discipline studied in the previous section with that 
of the First-Come First-Served (FCFS) discipline. With the FCFS 
discipline, messages are served in the order in which they are gener- 
ated, independent of the source from which they originate. In this 
way, the FCFS discipline allocates the communication channel more 
fairly than does the priority discipline. For simplicity, we assume in 
the analysis a homogeneous system where X k = X, m k = m, and m k = 
m 2 for k = 1, 2, • • • , N. 
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Fig. 6— Average message delay vs. total load p. 



The performance analysis of the FCFS queueing discipline is a 
special case of the results obtained for the priority discipline. Specifi- 
cally, we combine the N independent Poisson streams into a single 
Poisson stream (using the well-known result that the sum of inde- 
pendent Poisson processes is a Poisson process) with rate NX. From 
(10) we have that the average in-queue waiting time for a message 
generated by this combined (single) source is given by 



— p(m 2 /m) 1 

WFCFS -m^p) + r 



(12) 



where again p = NXm is the total system utilization. The average 
message delay for the FCFS system is given by 



Dfcfs = Wpcps + m 



p{m 2 /m) 1 _ 
*W) + 2 + m - 



(13) 
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Fig. 7 — Host-to-host message delay vs. total load p. 



WWs is plotted in Fig. 3 and Dfcfs is plotted in Fig. 5 for the assumed 
system parameter values. 

It is worth noting that the waiting time and delay results given by 
(12) and (13), respectively, differ from those corresponding to the 
standard M/G/l queueing system by the additional term 1/2. This 
added term results from the synchronous nature of the server and 
represents the average time an arriving message must wait before the 
start of the next time slot. 

We continue the priority and FCFS comparison by focusing on the 
unfairness issue. Specifically, we consider the ratio of the average 
message delay for source N to that of source 1, D N /Di. Sinceall sources 
encounter the same average delay in the FCFS discipline, D N /Di = 1. 
With the priority discipline, source N has the lowest priority and 
source 1 the highest; hence D N /Di > 1 for p > 0. In particular, we have 
from (9) and (11) that 
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D k = 



i + - P [(i + dm - 1] 






m- 1 



211-^P 



)V^>) 



+ 1, (14) 



where d is the squared coefficient of variation for the message- length 
distribution defined by 

„ variance(m) 

c = 

(m) 2 
Hence, for large N we have from (14) that 






f T (i + cVm 



all "» 



+ - + m 



m 
~2~ 



= + £ (1 + «4) + 2 

m AT 



and 



D w = 



1 + p[(l + cjjm - 1] 
2(l-,)(l-<^l>, 



+ 



m — 1 



i-^^p 



N 



+ 1 



m 



(1 ici)p + (2-=d-p)+ = (l-p) 2 
m/ m 



2(1 - p)' 



It follows then that 



1 + dp + 2(1 - p)' 

3(1 - p) 2 

2 + (d - l)p 
2(1 - p) 2 



for m = 1 



for m » 1. 



Observe that for large N and fixed p, the increase in D N /Di is 
approximately linear _with the squared coefficient of variation d- In 
Fig. 9, the ratio D N /D X is plotted against total utilization p for the 
FCFS and priority disciplines with d = and 1. 

To complete this section, we compare the average delay performance 
of the FCFS discipline with the_overall average delay of the priority 
discipline. That is, we compare Dfcfs as given by (13) to the quantity 
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Using the expression for D k given in (14), we obtain after some 
manipulation 

= (1 + cl)m , 1 ro ^ 



D = 



2(1 - p) 2N 



+ — - [2m - 1 - (1 + c 2 m )m]y + 1, 



where 



= I 



[-w 



From this, one may show that 



m — 1 



Dfcfs =S £ for < c£ < -— 

m 
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Hence, for sufficiently large message-length coefficient of variation 
c m , the overall average delay for the priority discipline is less than the 
average delay for the first-come first-served discipline. Of course, as 
we saw earlier, as c m increases so does the relative unfairness of the 
priority discipline over the FCFS discipline. 

V. CONCLUSIONS 

We analyzed the performance of a preemptive priority queue, which 
has direct applications to packet communication systems. The main 
distinguishing feature of the system studied compared to the standard 
M/G/l preemptive resume priority queue 5 is that the server can only 
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begin serving a "customer" (and preemptions take place) at integer 
multiples of time corresponding to packet slot boundaries in the 
communication context. Mean value formulas for in-queueing waiting 
time and average message delay were derived and comparisons made 
to the FCFS queueing discipline. A derivation of the waiting time and 
delay moment-generating functions is given in the appendix. 
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APPENDIX 

Derivation of the Waiting Time and Message Delay Moment-Generating 

Functions 

As we introduced in Section II, W k j is the steady-state in-queue 
waiting time for the jth packet in a message from source k, k = 1, 
2, • • • , N. Its Moment-Generating Function (MGF), defined as 

GwJL*) = E[e' w «) 

is derived in this appendix. From this result, the message delay MGF 
is easily obtained. The approach taken parallels in many respects the 
analysis given in Section III. 

We begin the derivation by examining the duration of a busy period 
for sources 1 to k - 1, denoted by Y k . Such a busy period starting in a 
slot is initialized by one or more message arrivals from sources 1 to 
k — 1 in the previous slot (which contains no packet from sources 1 to 
k - 1). Let A k denote the total number of packets that arrive from 
sources 1 to k - 1 in this previous slot. For the ith packet in this set, 
we define the "sub-busy" period X k (i) to consist of the duration of the 
"virtual" busy period (i.e., as if i = A k = 1) initiated by the messages 
(if any) that arrive from sources 1 to k - 1 while this ith packet is in 
service. In other words, we conceptually reorder the priorities so that 
each of the A k packets, and the sub-busy period it spawns, is served in 
turn. This does not change Y k and is a standard approach to busy- 
period analysis. 

Due to the memoryless property of the arrival process, the sub-busy 
period random variables X k {i), i = 1, 2, • • • , A k , are independent and 
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identically distributed (iid). In addition, note that Y* has the same 
distribution as the generic random variable Xk, and satisifies the 
relation 

Y h -Ak+ 2 X k (i). (15) 

1=1 

The Probability- Generating Function (PGF) for the discrete random 
variable Xk is defined as 

#*(*) = E[z x >] = l z*Pi[X k = i]. 

i=0 

Using (15) and the result that Xk is distributed as Y*, we obtain 
$x k (z) = E[z Y »] 

Ak+lX k (i) 

= E 

= E[(z*x k (z)) A *] 

= * Ak (z$x k (z)), (16) 

where $A k (z) is the PGF for the random variable Ak. 

Now, Ak is equal to the total number of packets arriving from 
sources 1 to k — 1 in one time slot. Recall that each source i generates 
messages as an independent Poisson process with rate A,; and each 
such message has its length selected independently from the distri- 
bution P m .( • ), whose PGF we denote by $ m ,.(z). It follows then that 

* -1 f 00 X<e" x ' 

*a„(z) = n \ 2 ^V • [<M*)l r 

= n e H *- Az) - l \ (17) 

»=i 

Hence, substituting (17) into (16), we obtain 

**<»> = n ."**»*«. (is) 

i=i 

As we shall see, $^(2), the PGF for the duration of a busy period for 
sources 1 to k — 1, plays an important role in the derivation of 
GwJLv), the waiting time MGF. 

Returning to eq. (1) in Section III, we note that Wkj is the sum of 
W k i and the j — 1 «"rf random variables Wk\, Wk2, •• • , Wkj-i- Observe, 
however, that Wks, S — 1, 2, ■ • • , j — 1, is distributed as X* + 1. That 
is, w k s is composed of the service time for the /th packet plus the busy 
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period for sources 1 to k - 1 initiated during this service time. In 
addition, it follows that the waiting time for the first packet in a 
source k message, W k \, is statistically independent of whs, / = 1, 2, 
• • • , j — 1. Hence we may write 

G Whi (p) = Gwjv) • [« p **(«')] / ~ l . (19) 

This leaves us with having to determine the MGF for Wi&. 

Let us for the moment consider the time-dependent behavior for 
the number of packets queued from sources 1 to k. For time slot n, we 
let Qk(n) denote the number of such packets queued just after the 
beginning of the slot and, to be consistent with our previous notation, 
we let A k +i(n) denote the number of packets that arrive from sources 
1 to k during the nth slot. It follows that 

Q k (n + 1) = [Q k (n) + A k+1 (n) - 1] + , (20) 

where 

ie if *>0 
l€J [0 if «<0. 

From (20) we obtain the relation 

E[z Q * {n+1) ] = E[z mn)+A ^ (n) - 1]+ ], (21) 

which may be rewritten as 

*Q A (n + l)(z) = E[Z [Q > M+A ^- 1]+ ] 

= Pi[Q k (n) + A k+1 = 0] + Pr[Q*(n) + A k+l > 0] 

. z -iE[z Q » M+A >»\Q k (n) + A k+1 > 0] 
= Pi[Q k (n) = 0]Pr[A* +1 = 0] 

00 

+ z" 1 I z?T[Q k (n) + A k+1 = i) 
i=i 

= Pr[Q*(n) = 0]Pr[A* +1 = 0] 

+ z-'lEiz^^™] - Pi[Q k (n) = 0]Pr[A fe+1 = 0]} 
= Pr[Q*(rt) = 0]Pr[A* +1 = 0](1 - z~ l ) 

+ z-^Uz^A^iz), (22) 

where we have used the fact that QM and A k +i are statistically 
independent. Taking the limit as n — > <» on both sides of (22) (the 
limits exist for <r* < 1) yields 

$ Qk (z) = Pr[Q* = 0]Pr[A* +1 = 0](1 - z~ l ) + z'^z^a^z), (23) 
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where Qk represents the steady-state number of packets queued from 
sources 1 to k at the beginning of a slot. Rearranging the terms in 
(23), we obtain 

* / 1 Pr[Q* = 0]Pr[A^ = 0](z - 1) 

$q„(z) = r — rr • (24) 

Taking the limit as z — > 1 on both sides of (24) yields 

d_ 
dz 



Pr[Q k = 0]Pr[A* +1 = 0] = 1 - - * Ak¥l (z) 



= 1 - Ok- 

Hence, using this result and (17), (24) may be rewritten as 

(1 - a k )(z - 1) 

$q„(z) = * • (25) 

z _ Yl e M* mi .<*> - i] 

1=1 

Now consider the end of the time slot during which a source k 
message is generated. The number of packets of higher or equal priority 
that are queued and must be transmitted before the first packet in 
this source k message is given by 

Q k + A k + B k , 

where Qk is the number of queued packets from sources 1 to k just 
after the beginning of the slot, Ak is the number of packets from 
sources 1 to k — 1 that arrive during the slot, and the new random 
variable, Bk, represents the number of packets from source k that 
arrive during the slot prior to the generation of the source k message 
in question. The ith packet in this set of (Qk + Ak + Bk) packets 
initiates a sub-busy period of duration X*(i). Hence we may write 

(Q h +A k +B k ) 

W kl =U+ I [1 + X k (i)], (26) 

i=0 

where U is a random variable, uniformly distributed over one slot 
time, that represents the time from when the source k message is 
generated until the start of the next slot. 
From (26) we may write 

E[e vW »\ U =u,Q k = q k , A k = a k , B k = b k ] = e-fc'QxjLe')] 1 ******. 

Removing the conditioning on the independent random varaibles Qk 
and Ak yields 

E[a w »\U=u,Bk = bk) 

= a>$x>)]^Q>$>x>))$ A >3> x >)), (27) 
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where, for simplicity, we have substituted a for e". Now, using the 
same approach as we did with Ak, we obtain 

E[z B -\ U=u} = e **< 1 -«H**.<*>- 1 J. 
Thus, removing the conditioning on B k in (27) yields 

■ [ e -^*»»<«»^«»- 1 l] B $ Qfc (a* Jfjk (a))*A fc „(a*x Jk (a)). 
Now, removing the conditioning on U, we obtain 

GwJ») = Gu\v - H*m>{ci*x k {a)) - l]}$Q> < W«))«Wa$x A (a)), 
where 



w{v)= I e m du = - 
Jo v 



Gu(») = J e vu du = -[e> - 1], (28) 

Finally using (19), we obtain 

Wv (») = Gv\v - H*m k (<** x - k (a)) - 1]} 

• $%(a*x»(a))*4»fi(«*x*( a )) ' [a***(a)] / " 1 . 

where a = e", GiXv) is given by (28), $ Qk (z) is given by (25), $**;(*) is 
given by (17), and $x A (2) is given by (18). 

The delay in transmitting a source fc message of length m, D k (m), is 
given by 

D*(m) = Wfa,. + 1. 

Hence, the MGF for D k (m) is given by 

G Dhlm) (v) = eTGwJp). 

It follows that the MGF for D k , the delay in transmitting a randomly 
selected source k message, is given by 

g d ap) = G Wkl (v)*my*xy))/*xy). 
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